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Abstract
We review recent results on the Cauchy-Kowalevsky structure of theories with higher derivatives
in vacuum. We prove genericity of regularity of solutions under the assumption of analyticity.
Our approach is framed in the general context of formal series expansions of the metric around
a regular point.
In Ref. [1], we treated the problem of the existence of generic perturbations of the regular state
in higher order gravity theories in vacuum that derive from the lagrangian R + ǫR2 under the
assumption of analyticity. The field equations of this theory in vacuum are
Lij = f
′(R)Rij −
1
2
f(R)gij −∇i∇jf
′(R) + gij✷f
′(R) = 0, (1)
where we take f(R) = R + ǫR2, ǫ 6= 0. Here Greek suffixes go from 1 to 3, while Latin ones
from 0 to 3. We have shown that there exists a first order formulation of the theory with the
Cauchy-Kowalevsky property, similar to the one known in general relativity, cf. Refs. [2]-[5]. In
this formulation, the field equations (1) become equivalent to the following system of evolution
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equations:
∂tγαβ = −Kαβ , (2)
∂tKαβ = Dαβ , (3)
∂tDαβ = Wαβ , (4)
∂tW =
1
6ǫ
(
1
2
P +
1
8
K2 −
5
8
KαβKαβ +D) +
1
6
[P 2 +
1
4
PK2 −
1
4
PKαβKαβ +
1
32
K4 −
1
16
K2KαβKαβ −
6KKαβK
β
γK
γ
α −
99
32
(KαβKαβ)
2 + 27KαβK
β
γK
γ
δK
δ
α + 9KK
αβDαβ −
57KαβK
β
γD
γ
α +
13
2
DKαβKαβ −
7
2
D2 + 15DαβDαβ − 3KW +
15KαβWαβ − 6∂t(∂tP )−
4γαβ∇α∇β(−P −D +
3
4
KαβKαβ −
1
4
K2)], (5)
where the line element in a Cauchy adapted frame is given by ds2 = dt2 − γαβdx
αdxβ, γαβ =
−gαβ . Kαβ is the extrinsic curvature, the acceleration tensor Dαβ is introduced through the second
variational equation (3), while we also introduced the jerk tensor (3rd order derivatives) Wαβ
through the jerk equation (4). Further, P = trPαβ is the trace of the three dimensional Ricci
tensor, and we find the existence of constraints, analogous to the situation in general relativity,
Hamiltonian Constraint
C0 =
1
2
P +
1
8
K2 −
1
8
KαβKαβ +
ǫ[−
1
2
P 2 −
1
4
PK2 +
1
4
PKαβKαβ −
1
32
K4 +
1
16
K2KαβKαβ +
3
32
(KαβKαβ)
2 −
1
2
DKαβKαβ +
1
2
D2 −
2γαβ∇α∇β(−P −
1
4
K2 +
3
4
KγδKγδ −D)] = 0, (6)
Momentum Constraint
Cα =
1
2
(∇βK
β
α −∇αK) +
ǫ[(−P −
1
4
K2 +
3
4
KδγK
γ
δ −D)(∇βK
β
α −∇αK)−
∇α(−2∂tP +KK
γδKγδ − 3K
β
γK
γ
δK
δ
β −KD + 5K
γδDγδ − 2W )] = 0. (7)
The constraints show that the initial data (γαβ ,Kαβ ,Dαβ ,W ) cannot be chosen arbitrarily in this
problem, but must satisfy the equations (6) and (7) on each slice Mt. From this formulation, our
first result is contained on the following theorem (local Cauchy problem-analytic case):
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Theorem 0.1 For the lapse and shift given by N = 1, β = 0, and if we prescribe analytic initial
data (γαβ ,Kαβ ,Dαβ ,W ) on some initial slice M0, then there exists a neighborhood ofM0 in R×M
such that the evolution equations (2), (3), (4) and (5) have an analytic solution in this neighborhood
consistent with these data. This analytic solution is the development of the prescribed initial data
on M0 if and only if these initial data satisfy the constraints.
There are 19 relations, that is 18 by the three evolution equations (2), (3), (4) and one from (5).
But we have the freedom to perform 4 diffeomorphism changes and we also have the 4 constraints
(6) and (7). Hence, the vacuum theory has 19−4−4 = 11 degrees of freedom. This in turn implies
that any solution with 11 free functions has the same degree of generality with a general solution
of the theory.
In Ref. [1], we further studied the following problem: Suppose that we have a regular formal
series representation of the spatial metric of the form
γαβ = γ
(0)
αβ + γ
(1)
αβ t+ γ
(2)
αβ t
2 + γ
(3)
αβ t
3 + γ
(4)
αβ t
4 + · · · , (8)
where the γ
(0)
αβ , γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ , · · · are functions of the space coordinates. Given data aαβ , bαβ ,
cαβ , dαβ, eαβ , analytic functions of the space coordinates, such that the coefficients γ
(µ)
αβ , µ = 0, · · · 4,
are prescribed,
γ
(0)
αβ = aαβ , γ
(1)
αβ = bαβ , γ
(2)
αβ = cαβ , γ
(3)
αβ = dαβ , γ
(4)
αβ = eαβ , (9)
how many of these data are truly independent when (8) is taken to be a possible solution of the
evolution equations (2), (3), (4) and (5) together with the constraints (6) and (7)? For any tensor
X, using the formal expansion (8), we can recursively calculate the coefficients in the expansion
Xαβ = X
(0)
αβ +X
(1)
αβ t+X
(2)
αβ t
2 +X
(3)
αβ t
3 +X
(4)
αβ t
4 + · · · , (10)
in particular we can write down a general iterated formula for the n-th order term, X
(n)
αβ . In Ref.
[1], we were able to prove that the imposition of the field equations leads to 15 relations between
the 30 functions of the perturbation metric (8), that is we are left with 15 free functions. Taking
into account the freedom we have in performing 4 diffeomorphism changes, we finally conclude
that there are in total 11 free functions in the solution (8). This means that the regular analytic
solution (8) corresponds to a general solution of the problem. Put it differently, ‘regularity is a
generic feature of the R+ ǫR2 theory in vacuum under the assumption of analyticity’. We are thus
led to the following genericity result.
Theorem 0.2 Let aαβ be a smooth Riemannian metric, bαβ , cαβ , dαβ and eαβ be symmetric smooth
tensor fields which are traceless with respect to the metric aαβ, i.e., they satisfy b = c = d = e = 0.
3
Then there exists a formal power series expansion solution of the vacuum higher order gravity
equations of the form (8) such that:
1. It is unique
2. The coefficients γ
(n)
αβ are all smooth
3. It holds that γ
(0)
αβ = aαβ and γ
(1)
αβ = bαβ , γ
(2)
αβ = cαβ , γ
(3)
αβ = dαβ and γ
(4)
αβ = eαβ.
In the course of the proof of this result, uniqueness followed because all coefficients were found
recursively, while smoothness follows because in no step of the proof did we found it necessary to
lower the C∞ assumption. We also note that bαβ and cαβ are necessarily transverse with respect to
aαβ .
Using similar perturbation methods, we are currently interested in the genericity of various
radiation solutions in a similar context. We shall report on these results elsewhere, cf. Ref. [6].
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